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y = sinx sinhx

4

d’y
(a) Show that P —4y

(b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form.

(c) Find an expression for the nth non-zero term of the Maclaurin series for y.
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Question Scheme ‘ Marks ‘ AOs

S(a) %: sin x cosh x + cos x sinh x M1 1.1a
dZ
>~ = cos x cosh x + sin x sinh x + cos x cosh x —sin xsinh x
dx M1 1.1b
(=2cos xcosh x)
3
(31—);:200sxsinhx—2sinxcoshx M1 1.1b
X
4
jx—{=—4sinhxsinx=—4y* Al* 2.1
4
M e A
=2, =-8, =32 Bl 3.1a
dx2 . dx6 . dxlO .
2 3
Uses y = y, +xy) + % Y+ % y'+ ... with their values Ml 1.1b
x2 xG xlO
6 10
S . Al 1.1b
90 113400
)
(c) n-1 x4n_2 3 la
2(-4) —— ’
A PR MEALT )2
2)
(10 marks)
Notes:
(@)

M1: Realises the need to use the product rule and attempts first derivative

M1: Realises the need to use a second application of the product rule and attempts the second
derivative

M1: Correct method for the third derivative

A1*: Obtains the correct 4™ derivative and links this back to y

(b)

B1:  Makes the connection with part (a) to establish the general pattern of derivatives and
finds the correct non-zero values

M1: Correct attempt at Maclaurin series with their values

Al:  Correct expression un-simplified

Al:  Correct expression and simplified

(©
M1: Generalising, dealing with signs, powers and factorials
Al:  Correct expression

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



Answer ALL questions. Write your answers in the spaces provided.

1. Solve the equation
6cosh2x + 4sinhx =7

giving your answers as exact logarithms.

(6)
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9FMO0/01: Core Pure Mathematics 01 Mark scheme

1 6(1+ 2sinh®x) +4sinh x =7 and rearranges to quadratic form
OR substitutes correct exponential identifies and rearranges to quartic M1 31a
) 2x +e—2x ) ex _ aX '
in €%, cosh2x = and sinhx = used.
12sinh?x + 4sinh x — 1 = 0 OR 3e® + 263 — 7e* —2¢* +3=0 Al 1.1b
(6sinh x—-1)(2sinh x+1) =0 =sinh x =...
2x X 2x X X Ml 11b
OR (e +e"-1)(Be™ —e"-3)=0=¢e"=....
sinh x:1 or sinh x=—1
0 2 Al 1.1b
-1+ + '
OR ex=1;\£ or ele V37
2 6
X =In (a+«/1+ a’ ) where a is one of their sinh x values M1 1o
OR undoes exponentials using In
x=|n(1+*/§} x=|n{_1+*/§J Al | 11b
6 2
(6)
(6 marks)
Notes:

M1: Identifies a correct approach to solving the problem, either through use of identity or definition

of hyperbolics
Al: Reaches a correct quadratic in sinh x or a correct quartic in e*.

M1: Solves their quadratic/quartic, may just see answers from calculator.

Al: Correct values for sinhx or ¢* found.
M1: Correct process of reaching x from their solutions in sinh x or ¢*

Al: Correct answers as exact simplified logarithms, and no others (in the alternative the negative

exponential cases must have been rejected).
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(a) Show that

(b) Hence find

(c) Find the Maclaurin series for y, in ascending powers of x, up to and including the

term in x°
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5@ A _ 1 M1 | 12
dx sinh®x+1 '
dy
& x cosh x Al 1 11b
dx sinh®x+1
_ coshx L _ )
= o x sech x or use of correct identity sinh“x + 1 = cosh“x later B1 21
in the proof.

2 2
E.g. % =—sech xtanh x or 3—2’ = —(cosh x) xsinh x or even
X X
d%y  (sinh x)(sinh? x +1) — (cosh x)(2sinh x cosh x) M1 [11b
dx” (sinh’ x+1)2
d’y ) .
pel = —(—sech x tanh x)(tanh x) + (—sech x)(sech x) (oe) or any valid
attempt at the third derivative from their second derivative. Xi i’ig
2 3 2 )
E.g. d y =—tanh x—= dy then d—z = —sech? xd—y—tanh xd—g
dx? dx dx dx dx
3
E.g. 3 g = sech x tanh? x —sech® x = sech x(1-sech? x) —sech® x
X
3
=sech x — 2sech® x :d_y_z(d_yj *
dx dx
o d o2 dy )’ d AR 2l
or —g — —sech? x—L — tanh x—)zl = —(—yj +tanh? x X
dx dx dx dx dx
3 3
= (1-sech’ x)d—y— W)Y s
dx \dx dx dx
()

0 dy_dy (o) dy ML 11
dx* dx?  \dx)  dx? Al | 11b
&y _dy 12[dyj d’y Z_G(d_yjzds_y ML | 21
dx’>  dx® dx ) L dx® dx ) dx® Al 1.1b

(4)
_ _ 1yt — G _ _1y®_
and y® = —1 — 1x0% - 6><12><(—1) =5
2 ©) y@ y©
So y=y(0)+xy (0)+ y (0)+—y (0)+ (0)+ @+ | M1 | 11b
with their evaluated values.
3 5
y=x-X 4. Al 2.5
6 24
®3)

(14 marks)




Notes:

(@)

M1: Applies correct derivative of arctan(..)

Al: Correct derivative of y.

B1: Uses the identity 1+sinh®x = cosh?x to simplify the expression or anywhere later in their proof.

M1: Attempts the second derivative either using standard results, or quotient rule on unsimplified
form.

M1: Simplifies and attempts the third derivative or attempts third derivative before simplifying. May
even replace sech x with y’ in the second derivative before using product rule. Many routes are
possible at this stage (but must use product rule, chain rule, quotient rule as appropriate)

Al: A correct third derivative in any form.
Al1*: Fully correct work leading to the given answer. Steps should be clear to reach the given answer.

(b)

M1: Differentiates again using the chain rule on the cube term. Constant multiple may be incorrect.
Al: Correct (unsimplified) fourth derivative.

M1: Completes the process of differentiation to reach the 5™ derivative.

Al: Correct answer, need not be simplified. Isw after a correct expression.

(©)
M1: Attempts the evaluation of all the derivatives at x = 0.
M1: Applies the Maclaurin formula with their values. Accept with 3! or 6 and with 5! or 120.

Al: Correct series, must start y = ... or with f(x) = ... only if this has been defined as being equal to y
at some stage in their working.




Answer ALL questions. Write your answers in the spaces provided.

1. (a) Prove that

1 1+ x
tanh™ (x) = 5 In 1

*k<x<k

stating the value of the constant k.

(b) Hence, or otherwise, solve the equation

2x = tanh(ln\/Z - 3x)

C))

)
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AL Further Core Maths Paper 2 (9FM0/02) 1906
Mark Scheme — Pre-Stand

Question Scheme Marks AOs
1(a) sinhy e’—e” M1 2.1
=tanh™(x)=tanhy=x=x= =
y (x) y coshy e’+e”’ Al | 11b
Note that some candidates only have one variable and reach e.g.
x=S"°_ortanhx="""_
e*+e e’ +e
Allow this to score M1A1
x(e? +1)=e? —1=e” (1-x) =1+x=e” =1+—X M1 | 1.1b
—X
1+X 1+Xx 1+X
YTl oy=| =1 *
e 1 x y n(l_ijy > n(l Xj Al 2.1
Note that e* (x—1)+ x+1=0can be solved as a quadratic in e’
_0-4(x=1)(x+1) _—J4(1-x)(x+1) _2(1-x)(x+1)
e =
2(x-1) 2(x-1) 2(1-x)
1
O 1 ()
(1-x) 2 (1-x)
Score M1 for an attempt at the quadratic formula to make e’ the subject
(condone + v...) and A1* for a correct solution that rejects the positive
root at some point and deals with the (x — 1) bracket correctly
k=1or -1<x<1 Bl 1.1b
()
(@) e )
Way 2 tanh x = S in[ 22X = x = tanh | 21n[ X )| 2821 M1 .
2 \1-x 2 \1-x =X Al 1.1b
e 1 +1
Inh—x 1_'_7)(_
1-x 1
=i =tk M1 | 1.1b
e 1x 11 l—+1 Al 2.1
Hence true, QED, tick etc.
(0) 2x=tanh(|n \/2—3x):>tanh*1(2x)=ln J2-3x M1 3.1a
1, (1+2x) 1 1+2x
=In ==In(2-3x)= =2-3X M1 2.1
2 (1—2xj 2 ( ) 1-2
6x* —9x+1=0 Al 1.1b
6X° —9X+1=0=x=... M1 1.1b
_9-V57 Al | 32a
12

()




Alternative for first 2 marks of (b)

eZIHM _1
:ﬁ: M1 21
2-3x+1
(10 marks)
Notes

(@)

If you come across any attempts to use calculus to prove the result — send to review
MZ1: Begins the proof by expressing tanh in terms of exponentials and forms an equation in
exponentials.

(eV—e7)/2 ¢ _gv 1

(ey +e‘y)/2 TeYyeY e 41

Allow any variables to be used but the final answer must be in terms of x. Allow alternative
notation for tanh™x e.g. artanh, arctanh.

Al: Correct expression for “x” in terms of exponentials

M1: Full method to make e2”” the subject of the formula. This must be correct algebra so allow
sign errors only.

Al*: Completes the proof by using logs correctly and reaches the printed answer with no errors.

Xx+1) 1, x+1 1, [x+1 1+X
Allow e.g. —In , —In——=, =In
2 \1-x) 2 1-x" 2 |1-x

but allow if the proof concludes that y = % InGjL—;(j with y defined as tanh™ x earlier.

The exponential form can be any of

.Need to see tanh™ x = > In( j as a conclusion

1-x

B1: Correct value for k or writes -1 <x <1

Way 2

M1: Starts with result, takes tanh of both sides and expresses in terms of exponentials
Al: Correct expression

M1: Eliminates exponentials and logs and simplifies

Al: Correct result (i.e. x = X) with conclusion

B1: Correct value for k or writes -1 <x <1

(b)

M1: Adopts a correct strategy by taking tanh™ of both sides

M1: Makes the link with part (a) by replacing artanh(2x) with = In G+ ixj and demonstrates the
X

use of the power law of logs to obtain an equation with logs removed correctly.
Al: Obtains the correct 3TQ
MZ1: Solves their 3TQ using a correct method (see General Guidance — if no working is shown
(calculator) and the roots are correct for their quadratic, allow M1)
9+57

12

Al: Correct value with the other solution rejected (accept rejection by omission) so X =

scores AO unless the positive root is rejected
Alternative for first 2 marks of (b)
M1: Adopts a correct strategy by expressing tanh in terms of exponentials
M1: Demonstrates the use of the power law of logs to obtain an equation with logs removed
correctly




1

Vax* +9

f(x) =

(a) Using a substitution, that should be stated clearly, show that

[£()dx = Asinh! (Bx) + ¢

where c is an arbitrary constant and 4 and B are constants to be found.

C))

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over
the interval [0, 3].
(2)
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Question Scheme Marks AOs
V\?;g;‘/)l x=§sinhu Bl | 21
3
x —coshu du M1 3.1a
\/4x +9 \/4 %)S|nh2u+9
o Al | 11b
2
= ld :lu=£sinh‘l(gj+c Al 1.1b
2 2 3
(4)
(a) 3
Way 2 x:Etanu Bl 2.1
dx 1 3
= x—sec”u du M1 3.1a
V4x? +9 \/4(%)tan2 u+9
1
:IESGCU du Al 1.1b
1 L[ 2x, 2%\
:Eln(secu+tanu):aln 5 1+(?j
Al 1.1b
u= lsinh{%jm
2 3
V\/(:3)/3 x=%u or x=kuwherek>0 k#1 Bl 2.1
dX M1 3.1
Jda
Jax +9 ﬂ/ % u’+9 2
—1 ;du or —————du forx=ku Al 1.1b
2 ) Ju®+9 /
1 1 l
==sinh smh —+c Al 1.1b
2 3 2 3
(b) Mean value =
3
1 1SInh (ij =1><lsmh (ZXBJ( O) M1 2.1
3(—0) 2 3)], 3 2
:%In(2+\/§) (Brackets are required) Alft 1.1b
(2)

(6 marks)




Notes

(a)

B1: Selects an appropriate substitution leading to an integrable form

M1: Demonstrates a fully correct method for the substitution that includes substituting into the
function and dealing with the “dx”. The substitution being substituted does not need to be

1
a/4[f (u)]2+9

with the f'(u)correct for their substitution. E.g. if x = % u is used, must see dx = %du not 2du.

“correct” for this mark but the substitution must be an attempt at j xf'(u) du

Al: Correct simplified integral in terms of u from correct work and from a correct substitution
Al: Correct answer including “+ ¢”. Allow arcsinh or arsinh for sinh™® from correct work and
from a correct substitution

(b)

M1: Correctly applies the method for the mean value for their integration which must be of the
form specified in part (a) and substitutes the limits 0 and 3 but condone omission of 0

Al: Correct exact answer (follow through their A and B). Brackets are required if appropriate.




7~

1. The curve C has equation

y = 31sinhx — 2sinh2x xeR

Determine, in terms of natural logarithms, the exact x coordinates of the stationary

points of C.

)

P 6 2 6 7 1 A 0 2 2 8




Question Scheme Marks AOs
1 dy
— =31cosh x —4cosh 2x B1 1.1b
dx
dy 2
— _31cosh x—4(2005h x—l) M1 | 3.1a
dx
8cosh? x—31coshx—4=0 Al | 1.1b
(8cosh x+1)(coshx—4)=0=>cosh =... M1 1.1b
cosh x = 4,(—%) Al 1.1b
coshx=a = x= In(a ++la? —1) orin (a ++a? —1)
or—In (a +a? —1)or In (a —a? —1)
M1 1.2
or
° +2e =4p e¥- 8"+ 7=0P &*=..P x=1In(.)
iln(4+\/TS) or In(4i\/E) Al 2.2a
(7)
Alternative
x+ —-X 2x+ 2X
d—y=31cosh X—4cosh 2x or 31 ere -4 ere Bl 1.1b
dx 2 2
ap* + - 0 )
Using cosh x = - and sinh x= é%i as required
g g 2 5 2 O a
A s M1 | 3.la
p e e RO Al | 1.1b
E 2 5 § 2 5
leading to 4e™*- 31e* - 31e*+ 4= 0 o.e.
4e** - 31e* - 31"+ 4=0
Solves M1 1.1b
b = ..
e* = 4+ /15 or awrt 7.87, 0.13 Al 1.1b
x=In(b) where b is a real exact value M1 1.2
|n(4iJT5) Al | 2.2a
(7
(7 marks)
Notes

B1: Correct differentiation

MZ1: Identifies a correct approach by using a correct identity to make progress to obtain a

quadratic in cosh x

Al: Correct 3 term quadratic obtained

M1: Solves their 3TQ

Al: Correct values (may only see 4 here)

M1: Correct process to reach at least one value for x from their cosh x




. . : . 1
Al: Deduces the correct 2 values with no incorrect values or work involving cosh x = "8

Alternative

B1: Correct differentiation

M1: Using the exponential form for cosh x, and sinh x if required, and forms a quartic equation
for e*with all terms simplified and all on one side

Al: Correct quartic equation for e*

MZ1: Solves their quartic equation in e*

Al: Correct values to two decimal places or exact values

M1: x= In(b) where b is a real exact value

Al: Deduces the correct 2 values only




f

5. (a) y=tan'x

Assuming the derivative of tanx, prove that

d_y_ 1
dx 1+x2

f(x) = xtan'4x

(b) Show that
Jf(x) dx = Ax’tan™'4x + Bx + Ctan™'4x + k

where £ is an arbitrary constant and 4, B and C are constants to be determined.

NG

(c) Hence find, in exact form, the mean value of f(x) over the interval | 0,—

(&)

(©))
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Question Scheme Marks AOs
5(a) 0 dx 5
y = tan x:>tany:x:>d—:sec y
q y M1 3.1a
y=tan‘1x:>tany=x:>d—ysec2 y=1
X
dx d
—Z=1+tan®yor —y(1+tan2 y)=1 M1 | 1.1b
dy dx
d 1 1
& * Al* 2.1
dx 1+tan’y %
(3)
(b) d(tan™4
(tan™ 4x) __ 4 Bl | 11b
dx 1+16x?
[ 4
xtant4xdx = ax®tan "t 4x — X2 x'——'dx
I a ] ax® x 1116 M1 2.1
xtan4xdx = —ztan‘l4x— X— 4 dx Al 1.1b
2 2 1+16x° '
_ ifwexer-1 [ j .
g | 1+16x2 1+16x3
M1 3.1a
let 4x= tanu b 18 tan—li, lseczudu
80 1+ tan“u 4
p 1 tan®udu = 1. sec’u- udu
320 320
2
X tantax—Lxs S tantaxtk AL | 21
2 8 32
(5)
() Ve
2 4
Mean value = X—tan 4x—1x+itan‘14x
8" 32 )
M1 2.1
3.7 1 £ 1.7,
32 3 8 32 3
72 18 8
(2)
(10 marks)
Notes
(a)

M1: Makes progress in establishing the derivative by taking the tan of both sides and
differentiating with respect to y or implicitly with respect to x

M1: Use of the correct identity

Al*: Fully correct proof




(b)

B1: Correct derivative

M1: Uses integration by parts in the correct direction

Al: Correct expression

M1: Adopts a correct strategy for the integration by splitting into two fractions or using a
substitution of 4x = tanu to get to an integrable form

Al: Correct answer

(c)

M1: Correctly applies the method for the mean value for their integration. The limit of zero can
be implied if it comes to 0.

Al: Correct exact answer. Allow exact equivalents e.g.

47r\/§—9 ﬁ\/g_l
72 ' 18 8




9.

(a) Use a hyperbolic substitution and calculus to show that

2
Jx—dx = lI:x\/x2 -1+ arcoshx] +k
[2 1 2
X
where £ is an arbitrary constant.

(6)
'

=<V

Figure 1

Figure 1 shows a sketch of part of the curve C with equation
y = —x arcoshx x>1
15

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis
and the line with equation x = 3

(b) Using algebraic integration and the result from part (a), show that the area of R is given by

%[17ln(3 +242) - 6x/§:|
(5)

32
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2
%) 2 dx— [f(u)du
VX -1 M1 | 3.a
Uses the substitution x =coshu fully to achieve an integral in terms
of u only, including replacing the dx
2
cosh s inhu (du) Al 1.1b
Jcosh?u —
Uses correct identities
cosh?u—1=sinh?u and cosh 2u = 2cosh?u —1
to achieve an integral of the form M1 | 3la
Aj(cosh 2u+1)du A>0
_ 1.
Integrates to achieve A(izsmh 2uiuj(+c) A>0 M1 | L1b
Uses the identity sinh2u =2sinhucoshu and cosh?u —1=sinh?u M1 ”1
—sinh2u = 2xy/x* -1 '
%[x\/xz —1+arcosh x}tk* Cso Al* | 1.1b
(6)
(b) Uses integration by parts the correct way around to achieve
2
Ji x arcoshxdx = Px*arcoshx — Q X dx M1 2.1
15 VX2 -1
— i 1 x2arcoshx — 1 —X2 dx Al 1.1b
15( 2 2 ) \Jx?-1 '
_4L x?arcoshx — 11 [x\/ X -1+ arcoshx} Bift | 2.2a
15| 2 2\ 2
Uses the limits x =1 and x = 3 the correct way around and subtracts
_4 l(3)2 arcosh3—1 1[3 (3)2 —1+arcosh3} —i(o) aM1 | 1.1b
15\ 2 2\ 2 15
38 1
:—(—I (3+ I)———— (3+ f)j
Al* | 1.1b
— 1 *
- E[17|n(3+ 22)-6v2]
®)

(11 marks)




Notes:

(@)

M1: Uses the substitution x =coshu fully to achieve an integral in terms of u only. Must have
replaced the dx but allow if the du is missing.

Al: Correct integral in terms of u. (Allow if the du is missing.)

M1: Uses correct identities cosh?u—1=sinh?u and cosh 2u = 2cosh?u —1 to achieve an
integrand of the required form

M1: Integrates to achieve the correct form, may be sign errors.

M1: Uses the identities sinh2u = 2sinhucoshu and cosh®u —1 = sinh? u to attempt to find
sinh2 u in terms of x. If using exponentials there must be a full and complete method to attempt the
correct form.

Al1*: Achieves the printed answer with no errors seen, cso
NB attempts at integration by parts are not likely to make progress — to do so would need to split the

integrand as X . If you see any attempts that you feel merit credit, use review.

x% -1

(b)

M1: Uses integration by parts the correct way around to achieve the required form.

Al: Correct integration by parts

B1ft: Deduces the integral by using the result from part (a). Follow through on their ‘uv’

dM1: Dependent on previous method mark. Uses the limits x = 1 and x = 3 the correct way around
and subtracts

Al*cso: Achieves the printed answer with at least one intermediate step showing the evaluation of
the arcosh 3, and no errors seen.




Solutions based entirely on graphical or numerical methods are not acceptable.

y = arsinhx

=V

Figure 1

Figure 1 shows a sketch of part of the curve with equation

y = arsinhx x>0

and the straight line with equation y = S
The line and the curve intersect at the point with coordinates (a, )

1
Given that S = 5 In3

1
how th ==
(a) show that « NG

3
The finite region R, shown shaded in Figure 1, is bounded by the curve with equation
y = arsinhx, the y-axis and the line with equation y = f
The region R is rotated through 27 radians about the y-axis.
(b) Use calculus to find the exact value of the volume of the solid generated.
(6)

20

P 6 6 7 9 7 A 0 2 0 3 2

é‘T'\
5
% %\

I
- yay
R

I
O oo et ot St tatobotess
PSS /\/\/ XK XX XK
% DO oteresetateototesesetetotes
> 2

RIS
XK XRLRLS
N LON OQ
SusSs
X X

& '»
D
S

SR,

Y
i
9588

0N

9%

RIS
R

88
(3L

S0

/}// >
v" 3 §2/'t &,;

OO

o9 ‘.0/'/




7(a) Using arsinha=%ln3 1
In( Nl'% 1)=—In
1In3 —EInS aNaT 2 3 Bl 1.2
e2 —e 2
o=
2
A 1 a+ya?+1=43
e J3 e Jat+1=y3-a M1 | 1.1b
2 a2+1=3—2\/§a+a2:>a:...
azﬁ or 1 Al 2.2a
3 3
©)
1
(b) " Volume = 7[*"sinh? y dy BL | 25
2
e’ —e” e -2+e®
/4 dy={z}t|| ——|d
M1 3.1a
or
{n}f%costh—%dy
l(leZY_zy_le—Zyj
4\2 2 dML | 1.1b
or Al | 11b
%sinth—%y
Use limits y =0 and y:%Ins and subtracts the correct way round M1 1.1b
(4 .
Z(g—ln 3) or exact equivalent Al 1.1b
(6)
(9 marks)
Notes:
()

B1: Recalls the definition for sinh [% In 3]or forms an equation for arcsinh x

M1: Uses logarithms to find a value for & or forms and solves a correct equation without log

A1: Deduces the correct exact value for &
Note using the result

In{%+ (%jz +1}: In (%-F\/gj: In\/_=%In3 therefore arsinh[%]:%lnB




B1 for substituting in « into arcsinhx, M1 for rearranging to show% In3, Al for conclusion

(b)

B1: Correct expression for the volume 7zj’0;'ne’sinh2 y dy requires integration signs, dy and correct
limits.

M1: Uses the exponential formula for sinh y or the identity cosh 2y = +1+ 2sinh? y to
write in a form which can be integrated at least one term

dM1: Dependent of previous method mark, integrates.
Al: Correct integration.

M1: Correct use of the limits y =0 and yzélns

Al: Correct exact volume.




In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Determine the values of x for which
64 cosh* x — 64 cosh>’x—-9=0

Give your answers in the form ¢gIn2 where ¢ is rational and in simplest form.
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2 Solves the quadratic equation for cosh® x
e.g. M1 3.1a
(8 cosh® x — 9)(8 cosh® + 1) =0 = cosh®*x =..

9 1
W= {__} Al | Llb
cosh™x =g 3
3 3 3 \?
coshx ==\V2=x=In|-V2+ (—\/E) -1
4 4 4
Alternatively M1 1.1b

3 1 3
coshx =Z\/§:>§(ex +e™™) = e —E\/Eex +1=0

2
:}ex:\/iOI‘?:)x:...

1
x== > In2 Al 2.2a
Q)
(4 marks)

Notes:

MI1: Solves the quadratic equation for cosh® xby any valid means. If by calculator accept for
reaching the positive value for cosh® x (negative may be omitted or incorrect) but do not allow for
going directly to a value for cosh x Alternatively score a correct process leading to a value for sinh
2x or its square (Alt 1) or use of correct exponential form for cosh x to form and expand to an
equation in e* and e* (Alt 2)

A1: Correct value for cosh® x (ignore negative or incorrect extra roots.). In Alt 1 score for a correct
value for sinh?2x or sinh 2x. In Alt 2 score for a correct simplified equation in e**.

M1: For a correct method to achieve at least one value for x (from cosh 2 x). In the main scheme or
Alt 1, takes positive square root (if appropriate) and uses the correct formula for arcosh x or arsinh x
to find a value for x. (No need to see negative square root rejected.) In Alt 2 it is for solving the
quadratic in e* and proceeding to find a value for x.

Alternatively uses the exponential definition for cosh x, forms and solves a quadratic for e* leading
to a value for x

A1: Deduces (both) the correct values for x and no others. Must be in the form specified.

SC Allow MOAOM1AL for cases where a calculator was used to get the value for cosh x with no
evidence if a correct method for find both values is shown.




2Alt1 64 cosh? x(cosh2 x—l)—9 =0 = 64cosh? xsinh? x—9=0
, ) 9 Ml 3.1a
= 16sinh” 2x =9 = sinh 2x:E Al 1.1b
Or (8 sinhx coshx — 3)(8sinhxcoshx +3) =0 = sinh2x = iz
. 3 1 3 9 .
sinh2x =1.=x=7In [iz + /E + 1] (or use exponentials, or M1 1.1b
proceed via cosh4x)
x= i%lnz Al 2.2a
“4)
2 Alt2 e* +e\* e+ e\’
L o
4(e™ +4e* + 6+ 4e X + e ) —16(e?* +2+e ) -9 =0
4e** — 17 + 4e ™ =0 Al 1.1b
(4e*™* —1)(1—4e™) =02 e =...2x =.. M1 1.1b
1
x = izlnz Al 2.2a

(C))




9.

o

(1) (a) Explain why coshx dx is an improper integral.
ey
(b) Show that cosh x dx is divergent.
3)

(11) 4sinhx = pcoshx where p is a real constant

Given that this equation has real solutions, determine the range of possible values
for p

2

.
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9G) (@) L& . o .
® Because the interval being integrated over is unbounded. Bl 12
® cosh x is undefined at the limit of o ’
® the upper limit is infinite
@)
(i) (b) foccoshx dx=lim [ coshxdror lim [*2 (e* + e~*)dx Bl 2.5
0 t—ood 0 t—oo Y0 2
ftcoshx dx = [sinh x]:) =sinh7 (—0)or
' Ml | Llb
1 ! x —X o 1 X - _ 1 t —t 1 0 0 )
Efoe +e€ dx—z[e —e ]0_5[6 —e [—E[e —e ]]
When t —» o et — ocoand et — 0 therefore the integral is divergent Al 2.4
3
(ii) 4sinhx=pcoshx=>tanhx=§or4tanhx=p
Alternative
4
E(ex _ e—x) — g(ex_*_ e—x) = 4ex _ 4e—x — pex + pe—x M1 3.1a
p+4
2X 4 _ — 4_ = 2X —
e(d-p)=pti=>e”=7— >
{—1<§<1=>}—4<p<4 Al 2.2a
()
(6 marks)
(@)

B1: For a suitable explanation. Technically this should refer to the interval being unbounded, but this
is unlikely to be seen. Accept “Because the upper limit is infinity”, but not “because it is infinity”
without reference to what “it” is. Do not accept “the upper limit tends to infinity” or “the integral is
unbounded”.

(D)(b)

B1: Writes the integral in terms of a limit as t — oo (or other variable) with limits 0 and “¢”, or
implies the integral is a limit by subsequent working by correct language.

M1: Integrates coshx correctly either as sinh x or in terms of exponentials and applies correctly the
limits of 0 and “¢”. The bottom limit zero may be implied. No need for the %im for this mark but

—00

substitution of oo is MO.

Al: cso States that (as t > o) sinht — o0 or et - ooand e~¢ - 0 therefore divergent (or not
convergent), or equivalent working. Accept sinh ¢ is undefined as t — o

t

(i)
M1: Divides through by coshx to find an expression involving tanh x

Alternative: uses the correct exponential definitions and finds an expression for e2* or solves a
quadratic in e?*

Al: Deduces the correct inequality for p. Note |p| < 4 is a correct inequality for p.




(a) (i) Show that

d2
d_xJ; =n’cosh”x — n(n — 1)cosh” *x
“)
4
(i1)) Determine an expression for %
X

2

(b) Hence determine the first three non-zero terms of the Maclaurin series for y, giving
each coefficient in simplest form.

2

.
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dy

9@)(i) | =..cosh"” Yx sinhx
d’y n—-2_ . 72 n-1
Tz =...cosh X sinh” x +...cosh x coshx
Alternatively M1 1.1b
_ [(eF+e™™ n . dy _ eX+e X\ 1 rex_g-x
y—( > ) Ieadlngtoa—...( > ) ( > )
d’y (ex + e‘x)"_z (ex - e"‘)z N (ex + e"‘)n
de e 2 2 LRI 2
dy n-1 .
i ncosh x sinhx
dzy n-2 .72 n
T n(n—1)cosh™ “ xsinh” x + ncosh” x
Alternatively Al 2.1
dy (ex + e‘x>"_1 (ex - e‘x>
dx "\ 2 2
d?y e* + e X\"% re¥ — o7%\? e* +eX\"
W:"(n_l)( 2 ) ( 2 ) +”( 2 )
dzy n-—2 2 n
Z= n(n — 1) cosh x (cosh® x — 1) + ncosh™ x M1 2.1
% =n2cosh™ x —n(n — 1) cosh™ ~ % x* cso Al* | 1.1b
(4)
.. d3
(@) d_x); =...cosh™ ~ Y x sinhx —...cosh™ ~ ® x sinh x
d*y M1 | 1.1b
dx*
=...cosh™ ~ 2 x sinh® x +...cosh™ x —...cosh™ ~ * x sinh® x —... cos
d3
d_x}; =n3cosh™ ~ 'xsinhx —n(n— 1) (n — 2) cosh™ ~ > x sinh x
d4y n-—2 2 n
T = n®(n — 1) cosh x sinh” x + n3 cosh™ x Al 1.1b
—n(n—1)(n—2)(n—3)cosh™ ~ *xsink® x —n(n—1)(n
—2)cosh™ ™ % x
(2)
Alternative 1
. d%y 2 n-—2
using——= =n y—n(n—1)cosh x
leading to% = nZ%—...coshn ~3xsinhx M1 1.1b
d* d?
Y _ 22 cosh™ *xsink?x—...cosh® " %x

dx* dx?




d3 d
A nz—y—n(n— 1)(n — 2) cosh™ ~ > x sinh x

dx3 dx
d* d? Al 1.1b
d_xZ = nzd—x}; —n(n—1)(n—2)(n—3) cosh™ ™ *x sinh*x
—n(n—1)(n—2)cosh™ ™ *x
(2)
Alternative 2
2
y = cosh™ x = d—szl =n2cosh" x —n(n—1) cosh™ ~*x
= cosh" ?x = j =...cosh" ?x—...cosh™ " *x
y= dxZ M1 | 1.1b
d4y 21..2 n n-—2
prriall [n cosh” x —n(n—1) cosh x]
—n(n
—D[...cosh™ ?x—...cosh™ ~ *x|
2
y = cosh™ x o n2cosh™ x —n(n— 1) cosh™ ~*x
dZ
y =cosh" *x = d_x)zl
= (n—2)2%cosh" *x — (n—2)(n—3)cosh™ ~*
" (n—2)*cos x—(mn—2)(n—3)cos x Al 11b
d_xZ = n?[n? cosh™ x —n(n — 1) cosh™ ~ * x|
—n(n
—D[(n—2)2cosh" ?x — (n—2)(n
—3)cosh™ ™ * x|
2)
Alternative 3
Using &2 = n2 (M)n —n(n—1) (ex+e_x)n_zleadin to
g dx? 2 2 g
d3y
dx3
eX e X\ X — X eX e X\"3 X _ ¥
D) w
d*y e* 4 e X\"? rp¥ — 7%\? e* 4 e~ X\"7?
Wz'“< 2 ) ( 2 ) +( 2 )
(ex + e‘x>n_4 (ex — e‘x>2 (ex + e‘x>n_2
5 5 5
dy (ex + e"x>"_1 (ex — e‘x> (n— 1)(
—=n3——— —— | —-n(n-Dn
dx? 2 2 . Al | 11b




dy . (ex + e‘x)n_z (ex - e‘x)z 3 (ex + e‘x>n_2
P G 2 " 2
e +e X\ e —e7x\?
—-nn—1)(n—-2)(n—3) (T) (T) —n(n
eX + e X\"7?
(T2
2
(2)
(b) Whenx = 0
y=1 y'=0, y"'=n’—-nn-1), y® =0,
4) = 53 — — —
y n® —nn-1)(n-2) 2 M1 | 1.1b
Uses their values in the expansiony = y(0) + xy'(0) + 2 y"(0) +
x @) @) |
Z YD) +Zy D (0)+...
S N P €l L AT Al | 25
y = . ” :
(2)
(8 marks)
Notes:
(@)

M1: Uses the chain rule and product rule to find the first and second derivatives which must be of
the required form, condone sign slips

Alternatively uses the exponential definition and uses the chain rule and product rule to find the first
and second derivatives which must be of the required form.

Al: Correct unsimplified first and second derivatives, may be in exponential form.
M1: Uses the identity + cosh® x + sink*x = 1
Al*: Achieves the printed answer with no errors or omissions e.g. missing x’s

(a)(ii)
M1: Uses the chain rule and product rule to find the third and fourth derivatives which must be of
the required form, condone sign slips

Al: Correct fourth derivative, does not need to be simplified ISW

Alternative 1

M1: Using % =n2y —n(n — 1) cosh™ ~ * x to find the third and fourth derivatives which must be

of the required form, condone sign slips
Al: Correct fourth derivative, does not need to be simplified ISW

Alternative 2
2
M1: Usingy = cosh™ x = % =n?cosh™ x —n(n —1) cosh™ ~*x

&y

— = cosh™ % x —...cosh™ ~ * x leading to

y = cosh™ % x =




d4
d_x)‘: = n?[n? cosh™ x —n(n — 1) cosh™ ~ * x| — n(n — 1) their

Al: Correct fourth derivative, does not need to be simplified ISW

d(cosh™ 2 x)
dx

Alternative 3

M1: Uses the exponential definition and uses the chain rule and product rule to find the third and
fourth derivatives which must be of the required form.

Al: Correct fourth derivative, does not need to be simplified ISW

(b)
M1: Attempts the evaluation of all four of their derivatives at x = 0 and applies the Maclaurin
formula with their values. Note thaty ™ (0) = 0 andy®)(0) = Omay be implied as they will

have a multiple of sinh0. If their y3)(0) = 0 they allow this mark for their first 3 non-zero
terms

Al: Correct simplified expansion from correct derivatives cso






