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x+2
x2+9

flx) =

(a) Show that

[ £00dx = Aln + 9) + Barctan(g) +e

where c is an arbitrary constant and 4 and B are constants to be found.

(b) Hence show that the mean value of f(x) over the interval [0, 3] is

l1 2+ L
6 18"
(c) Use the answer to part (b) to find the mean value, over the interval [0, 3], of
f(x) + Ink

. . .. : 1
where £ is a positive constant, giving your answer in the form p + gln q,
where p and g are constants and ¢ is in terms of £.
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6 +2 2
(@) £(x)= xz — zx +— Bl 3.1a
xX+9 x+9 x +9
[ de=kin(x*+9)(+¢) Ml | Llb
X +9
2 X
[= dx:karctan(—j(w) Ml | 11b
X +9 3
+2 1 2
Ix2 dx:—ln(x2+9)+—arctan(£j+c Al 1.1b
X +9 2 3 3
“)
(b) ’ 3
1 2
f(x)dr= {—ln (x2 + 9) +Zarctan (fﬂ
. 2 3 3/],
=lln18+%arctan 3)- lln9+%zurctan(0) Ml L.1b
2 3 3 2 3
1, 18 2 3
=—In—+—arctan| —
2 9 3 3
I (1 /4
Mean value= ——| —In2+— M1 2.1
-0\2 6
1
—In2+—r* Al* 2.2a
6 1
3
© Lo ik Ml | 22a
6 18
1 6 1
—In2k"+—nx Al 1.1b
6 18
2
(9 marks)
Notes:
(a)
B1:  Splits the fraction into two correct separate expressions
M1: Recognises the required form for the first integration
M1: Recognises the required form for the second integration
Al: Both expressions integrated correctly and added together with constant of integration
included
(b)
M1: Uses limits correctly and combines logarithmic terms
M1: Correctly applies the method for the mean value for their integration
Al1*: Correct work leading to the given answer
(c)
M1: Realises that the effect of the transformation is to increase the mean value by In &
Al: Combines In’s correctly to obtain the correct expression
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for0<x <3

for3<x

where k is a positive constant.
o |
The area between the curve y = f(x) and the positive x-axis is 2

Show that

where a is a constant to be determined.
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4 [ kx ok 1 ; 1
dx + dx===k([.T+[.T)l===k=.. _
jx2+6 Jx2—4 4 ([ L+l ]3) 4 ML |3la
0 3
3 3
X IR NG 1 M1 | 1.1b
(k)JX2+6dx_(k)[2In(x +6)1—(k)(zln(15) 2In(6)j AL | 11b
0
1 1 X—2
k dx = (k)=In| 2=£ ,
(2 o= 22 ] ML L1
0 t
le dx = lim 1|n(x—_2j
X" -4 el 4 \x+2) ], M1 | 3.1a
3
Al | 1.1b
_1 |im|n(ﬂ]—|n(1j s
4l t5e \t42 5)) 4
2
SOE|H(EJ+E|H5=ESK|H(§) +k|n(5):1sok: 1 : M1 2.1
2 (6) 4 4 2 |n(£5) Al | 1.1b
4
(8)
(8 marks)

Notes:

M1: For a complete overall method. Correct expression for the total area formed, a sum of two areas
with an attempt made for both areas in terms of k and with area set equal to ;.

M1: Correct form for integral of left hand part (with or without k) and attempts to apply the limits.
Accept aln(x*+6).

Al: Integral correct, with limits applied correctly. No need to combine Ins at this stage.

M1: Correct form integral for the right hand part (with or without k), quoted directly or uses partial

fractions. Accept Aln (X—_z) or Aln(x—2)-BIn(x+2) from an attempt at partial fractions.
X +

M1: Applies the limits on the improper integral, 3 as lower limit and t as upper with t — oo to obtain
a value for the integral. If partial fractions used, the log terms will need combining first.

Al: Fully correct integral for right hand section, as in scheme or equivalent, with or without k.
MZ1: Adds the results of both the integrals and equates to ;, including k, and uses correct log laws to
combine their log terms to find k.

Al: Correct answer. Accept any equivalents in the correct form, e.g. 1 or statement

In(31.25)

that a = 1275 etc.




Answer ALL questions. Write your answers in the spaces provided.

1. (a) Find o
| o
J‘z—dx g
x* + 6x+ 25 3
3) 5
m
(b) Hence find the exact value of E
: 5
[
A x2 + 6x + 25 %
m
=
giving the answer in simplest form.
3)
A student claims that the magnitude of the answer to part (b) gives the total area bounded
by the curve y =1- 5 and the x-axis between the line x = =3 and the line x =1
x>+ 6x + 25
(c) State, with a reason, whether or not the student is correct.
1)

S 61 2 9 5 A 0 2 2 4



9FMO0/02: Core Pure Mathematics 02 Mark scheme

1(a) 1 dX:J 1 dxzj—l dx
X* +6X+25 (x+3)*—-9+25 (x+3)*+16 M1 | 3.1la
or reaches integral in @ if using substitution.
=karctan [XLbj(%) (or k0 where 4tanf = x + 3) M1 1.1b
a
~ Larctan (—X+3j+c Al | 11b
4 4 '
©)
(b) 1 25 25 x+3) ]
l-—— |dx=| x——arctan| —— =1-..)—-(-3-... )
H X2+6X+25j { 2 ( 4JL (1=.)=(3--) | ML |11b
-3
= 1—§arctan 4)- —3—§arctan 0 Alft | 1.1b
4 4 4
= 4_25_7z Al 2.1
16
©)
(c) Since the graph crosses the x-axis at x = 0 the area lies partially below
the x-axis, hence the expression does not give the total area as the part
. . . - Bl 2.3
below the axis counts as negative which cancels the positive area, so
the student is not correct.
1)
(7 marks)
Notes:
(@)

M1: Identifies the need to and completes the square in the numerator to achieve a standard form, or
selects the appropriate substitution x + 3 = 4tané. If using substitution, the integrand and dx must be
dealt with and an integral in @ reached (or their chosen variable).

. . . X+b
M1: Carries out the integration to a form k arctan (—j
a

Al: Correct integral with or without ¢

(b)

M1: Applies limits to x — 25x“their answer to (a)” and subtracts correct way.
Alft: A correct unsimplified answer following through their answer to (a).
Al: Correct simplified exact answer.

(©)

B1: As scheme. Must refer to graph crossing the x-axis and signs of areas being different.




R I I R I I I I KKK I IR X X I I IIIIK KK IIIK I AKX IIHK I I AKX I IIIKIKIIIK I I IKIIKIIIKIKIKIK I I I IIIKIKAIIIK KA
R IR ILELERKL OO et o e e o e et o e ta e o tota s ko Lo te s ko tetete o tetetetototetetots 0’0 S Q90U
s RIS ST AWRITE INTHIS AREA . S S A B P TR e ey s
RIS RIS B EHEAINCE T st sssrststososststosoritnts 9.9 O 18 ) L0 N 0004 8 08 818 =00 1 b 108 8wk 1o ¥ AR
0 ta s o tete s o tetete oo teteesns®s S S oot otate s o tetetetotetetetotets IRIIDEE, R R R KR S EREIES OOt o totete s tetete S tetetetets
%o oot et etotetetetetetetetetotet % 5 ZRRRLRRRLRRRLR R R R RRREERLLRRRREELLLLRRRERELLLLRRKS RRRRRELELLLRRRRELE
( )
—~
O~
~
£
e
—
| o=
— | —
—
[ [en
o0
&
o o
— 5
2
o
+—
=
2
p—
g
2
sy
Jas]
=
<
~= w
< o
=] =
(&)
z =
S 2
.
L [\
J

7 7 A 0O 6 3 2

1

1

P 6



M1: Solve their four equation (using calculator) to find at least one value. This will need
checking if incorrect equations used.
Al: Correct quartic in terms of z or correct values for a, b, ¢ and d stated.

Note: Correct answer only will score 5/5

Question Scheme Marks AOs
2 8x—12 _Ax+B C
(2x* +3)(x+1) 2x*+3  x+1 M1 | 3la
8x—12=(Ax+B)(x+1)+C(2x*+3)
Eg X=—1=C=-+4x=0=B=0,x=1= A=8
Or
Compares coefficients and solves aM1 | 11b
(A+2C:O A+B=8 B+3C:—12)
=A=..,B=...,C=..
A=8 B=0 C=-4 Al 1.1b
8x 4
j[2X2+3—mjdx=2ln(2x2+3)—4In(x+1) Alft | 1.1b
2x? +3)
2In(2x +3)~4In(x+1) =In M
(x+1)
or M1 2.1
2x° +3
2In(2x* +3)-4In(x+1)=2In (2 +2)
(x+1)
2 43y 2x% +3
lim In(zx +34) =In4 O lim 2In( . +2) =2In2 B1 2.2a
< (ke =T ()
©oex-12 4
__ 7%  dx=In= cao ]
j.[) (26 +3)(x+1) =g Al 1.1b
()
(7 marks)
Notes

M1: Selects the correct form for partial fractions.
dM1: Full method for finding values for all three constants. Dependent on having the correct
form for the partial fractions. Allow slips as long as the intention is clear.
Al: Correct constants or partial fractions.




A1ft: Integrates PX_ 9 4 =£|n(2X2 +3)_q In(x+1)and no extra terms
2x*+3 x+1 4

M1: Combines two algebraic log terms correctly.
B1: Correct upper limit for x = oo by recognising the dominant terms. (Simply replacing x with oo
scores B0). This can be implied.

: : . 2
Al: Deduces the correct value for the improper integral in the correct form, cao A0 for2In—

Correct answer with no working seen is no marks.
Note: Incorrect partial fraction form,
A B ' AX

5 0 5 + the maximum it can score is MOMOAOAOM1B1A0
2x°+3 x+1 2x°+3 x+1

Question Scheme Marks AOs
3(a)(i) 2(04+a)=12 or 04+a=06 or 0.4+acos0=0.6
M1 34
—=a=..

a=0.2*cso Al* 1.1b

(2)
(b) Area of rectangle is 1.2x0.6(=0.72) Bl | 1.1b
Area enclosed by curve = %J‘ (0.4+0.2cos 26’)2 (do) M1 | 3.1a

(O.4+0.2cos 249)2 =0.16+0.16c0s 26 + 0.04cos* 26

M1 2.1
~0.16+0.160s 29+0.o4(%‘9+1j
% J (0.4+0.2c0s20)" d6 = %[0.180 +0.08sin 20+0.005sin 40 (+c) |
=0.096 +0.04sin 26 +0.0025sin 46 (+c) o0.e. Alft | 1.1b
Area enclosed by curve = [0.090+0.04sin 26 +0.0025sin 40]3”

or

Avrea enclosed by curve = 2[0.096+0.04sin 26 +0.0025sin 46| dM1 | 3.1a
or

Area enclosed by curve = 4 [0.099 +0.04sin 26 +0.0025sin 46?];%

:%7[ or 0.187r(= 0.5654...) Al 1.1b




~

2. (a) Explain why

w;dx is an improper integral
| x(2x+5) prop s
(b) Prove that

. 1

———dx =alnb
| x(2x+5)

where a and b are rational numbers to be determined.

(1)

(6)

P 6 2 6 7 2 A 0 6 2 8




Question Scheme Marks AOs
2(a) E.g.
e Because the interval being integrated over is unbounded
T Bl 2.4
e Accept because the upper limit is infinity
e Accept because a limit is required to evaluate it
1)
(b) 1 A B
_ = —+ :)A:...,B:..-
x(2x+5) x 2x+5 ML | 31a
_ 1t _1__ 2
x(2x+5) 5x 5(2x+5) Al | Llb
1 2 1 1
———dx=—|nx——|n(2x+5) Alft | 1.1b
5X 5(2X+5) 5 5
1 1 1 X
=Inx—=In(2x+5)==1In
5 x—gin(2x+5)=¢ (2x+5) ML 2l
|im{1|n X }—lml Bl | 2.2
x>o 5 2x+5) 5 2 '
= #dx:ilnl—llnl:llnz Al 1.1b
x(2x+5) 5 2 5 7 5 2
(6)
(7 marks)
Notes

(a)

B1: For a suitable explanation with no contrary reasoning. Technically this should refer to the
interval being unbounded, but this is unlikely to be seen. Accept “Because the upper limit is
infinity”. Do not award if there are erroneous statements e.g. referring to as x =0 the integrand
is not defined. Do not accept “because one of the limits is undefined” unless they state they mean
. Do not accept “it is undefined when x =oo” without reference to “it” being the upper limit.
(b)

M1: Selects the correct form for partial fractions and proceeds to find values for A and B

Al: Correct constants or partial fractions

Y q q 1 1 .
- —+ dx=pInx+=In(2x+5 - =
Alft: IX oX 45 P > ( ) Note that 5In5x 5In(10x+ 25) is

correct.

M1: Combines logs correctly. May see —%In(ZXJrSj = —%In(2+§]
X X

B1: Correct upper limit for x = oo by recognising the dominant terms. (Simply replacing x with

oo scores BO)

Al: Deduces the correct value for the improper integral in the correct form




Question Scheme Marks AOs
(b) 1 1 1>< 1
= -5 2 M1 3.1a
Way 2 x(2x+5) z(x +xj 2 (X+5j _25 Al | 11b
4 16
5 5
1 dx—lxgln X+Z_Z —lln 2X M1 21
X(2X +5) 2 5 |, 2, 5 |2x+5 Alft | 11b
4 4
|im{5|n 2X }—lmg—o BL | 22
|5 2x+5] 5 2 <2
= ;dx:O—llnzzllnz Al 1.1b
x(2x+5) 5 7 5 2
(6)
Notes

Note the method marks as MAMABA, and should be entered in this order on ePEN.
M1: Expands the denominator and completes the square.
Al: Correct expression

M1: For %akln x+p-a
(x+p)-a X+p+a
1 1 1 . . s .
Alft —————>—In with their a (may be simplified as in scheme).
2(x+a) —a 2a |x+2a

B1: Correct upper limit for x > o by recognising the dominant terms. (Simply replacing x with

o scores B0) Note in this method the upper limit evaluates to zero.

. : : 1 2
Al: Deduces the correct value for the improper integral in the correct form. Accept 5 In;




5. (1) Evaluate the improper integral

38

= L Co
2¢ * dx SO
oo
!
3) $2
(i1) The air temperature, 6 °C, on a particular day in London is modelled by the equation
9=8—55in(1t)—cos(£t) 0<r<24
12 6
where ¢ is the number of hours after midnight.
(a) Use calculus to show that the mean air temperature on this day is 8 °C,
according to the model.
3)
Given that the actual mean air temperature recorded on this day was higher than 8 °C,
(b) explain how the model could be refined.
ey

o5 ‘0
Soseutoses

Soravately

) R 0 T O
P 6 6 7 9 6 A0 1 8 3 6



. 1 1
5(i) j2e7x dx = —de 2" Bl | 1.1b

o Ly 1 1
L 2e 2 dXx =tliml:[—4e 2tj—[—4e ZH ML | 21

1

—4e 2 Al 1.1b
®)
(ii)(@) 1 e
Mean temperature =— 8—5sin| -t |~cos| Zt | it Bl 1.2
24 ), 12 6
1[(.. 60 6 !
=— 8t+—cos[£t)——sin(£t) =—..] M1 1.1b
24| V4 12 V4 6 o 24
:% (8(24)+@—§xoj—(@ﬂ:8*030 Al* | 21
V4 T T
@)
(ii)(p) | E-9. increase the value of the constant 8 / adapt the constant 8 to a B1 3.5¢
function which takes values greater than 8. '
)
(7 marks)
Notes:
(i)

B1: Correct integration.
1
—-=X
M1: Attempt to integrate to a form A€ 2 where A = 2, and applies correct limits with some
consideration of the infinite limit given (e.g. with the limit statement). Only allow with oo used as
the limit if subsequent work shows the term is zero.
Al: Correct value

(i)(a)
B1: Recalls the correct formula for finding the mean value of a function. You may see the division
by “24” only at the end. No integration is necessary, just a correct statement with an integral.

M1: Integrates to a form at +ﬂcos(%tj +05sin (%t} and uses the limits of 0 and 24 (the correct

way around). If no explicit substitution is seen, accept any value following the integral as an attempt.
Answers from a calculator with no correct integral seen score MO as the question requires calculus to
be used.

Al*cso: Achieves 8 with no errors seen following a full attempt at the substitution. Must have seen

some evidence of the limits used, minimum required for substitution is {[8(24)+@j—(@ﬂ .
T T

(ii)(b)

B1: Accept any reasonable adaptation to the equation that will increase the mean value. E.g. as in
scheme, or introduce another positive term, or decrease the constant 5 etc. It must be clear which
constant they are referring to in their reason, not just “increase the constant”.




5.

The curve C has equation

1
y = arccos Ex —2<x<2

(a) Show that C has no stationary points.
3)

The normal to C, at the point where x = 1, crosses the x-axis at the point A and crosses
the y-axis at the point B.

Given that O is the origin,

(b) show that the area of the triangle OAB is 5L4 (p\/g + g+ 3 7r2) where p, g and r

are integers to be determined.

)
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5(a) & _ =% \where 250 and B>0and B =1
dx . /1- Bx?
px M1 1.1b
Alternatively 2cosy =x= ax_ asiny = a_ 1
dy dx asiny
1
d ) d -1
Y2 or —y=—o.e.
ax h-tye APy
4 A Al 1.1b
or @ __ 1 or
dx 2siny
States that:j:_y = 0 therefore C has no stationary points.
X
Tries to solve j_y =0and ends up with a contradiction e.g. -1 =0 Al 24
X
therefore C has no stationary points.
As cosec y > 1 therefore C has no stationary points.
3)
0 dy_ 1 {_L}
M1 11
o h L L3 ’
4
S § T
Normal gradient = — = and y—§=mn(x—1)
m M1 1.1b
Alternatively %: m,(1)+c=c= {%_\/5} and then y =m x+c
V4 T 73
y=0= O_EZ\/g(XA —1):> XA :{1—% or 1—7}
x=0= Yy —%=@(0—1):> Yo ={%—ﬁ}
Area = Sxx, x—y, =+[1- % (\/é—fj M1 | 1.1b
2 A 7% 20 33 3 '
Area 5%(27\/§—187z+\/§7z2) (p=27,q=—18, r=1) Al 21
()
(8 marks)
Notes:
(@)

M1: Finds the correct form for dy

dx




Al: Correct dl
dx

Al: States or shows that j_y = 0and draws the required conclusion. This mark can be scored as long
X

as the M mark has been awarded.

(b)

M1: Substitutes x =1 into their jy
X

M1: Finds the normal gradient and finds the equation of the normal using y—% =m,(x-1)
M1: Finds where their normal cuts the x-axis and the y-axis.

M1: Finds the area of the triangle OAB = %x Xy X —Yg

Al: Correct area

Special case: If finds the tangent to the curve, the x and y intercepts and the area of the triangle max
score M1 M0 M1 MO A0

Note common error
d -1 -
e A In part (b) this leads to d_y = =2 leading to normal gradient ﬁ and
dx | Ll dx /3 2
4

y:ﬁx—ﬁJrz and O,z—ﬁ and 1—2—7r,0 thereforearea:E Z_ﬁ 2—W—l
2 2 3 3 2 33 213 2 133

This can score M1 M1 M1 M1 AO




r

6. (a) Express as partial fractions

2x2+3x+6
(x + 1)(x2 + 4)

3)
(b) Hence, show that

2 2x24+3x+6
o (x+1)(x2+4)

dx =In a\/z + br

where a and b are constants to be determined.

(C))
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6(a) 2x*>+3x+6 A Bx + C

= + = 2x2+3x+6
x+ D2 +4) x+1 x24+4 X 7T Ml | Llb
=Ax?+4)+ Bx+C0)(x+1)
egx=—-12A4A=.,x=0=>C=..., coeffx? > B =...
or dM1 | 1.1b

Compares coefficients and solves to find values for 4, B and C
2=A+B,3=B+C, 6=4A+C

A=1 B=1 (C=2 Al 1.1b
(&)
(b) 2 2
1 +x2+2 dr = 1 N 2x N 22 &
x+1 x" +4 x+1 x"+4 x"+4
0 0 M1 3.1a

2

= {a ln(x + 1) +p ln(x2 + 4) + A arctan (%ﬂ

0

1 x\ 12
= [ln(x + 1) +=In(x?+4) + arctan (—)] Al 2.1
2 21,

= [ln(B) + %ln(8) + arctan 1] — [ln(l) +%ln(4) + arctan(O)]

. . e dM1 | 2.1
T
= [ln(3) + Eln(8) + arctan(l)] — [E In 4] =In (T) + Z
in(3v2) +% Al | 22a
C)]
(7 marks)
Notes:
(a)

M1: Selects the correct form for partial fractions and multiplies through to form suitable identity or
uses a method to find at least one value (e.g. cover up rule).

dM1: Full method for finding values for all three constants. Dependent on first M. Allow slips as
long as the intention is clear.

Al: Correct constants or partial fractions.

(b)

M1: Splits the integral into an integrable form and integrates at least two terms to the correct form.
They may use a substitution on the arctan term

Al: Fully correct Integration.

dM1: Uses the limits of 0 and 2 (or appropriate for a substitution), subtracts the correct way round
and combines the In terms from separate integrals to a single term with evidence of correct In laws at
least once.

Al: Correct answer




r

S.

(a) Given that
y = arcsinx -1 <x<1

show that

(b) f(x) = arcsin (e") x<0

Prove that f(x) has no stationary points.

(&)

(&)

.
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dx
5(@a) Siny=x:>cosy2—i:=1 Sinyzxzazcosy M1 1.1b
Usessin?y + cos?y = 1= cosy = /1 —sin2y = V1 — x? M1 2.1
2= ——*cs0 Al* | 11b
@)
(b) Using the answer to (a) Restart
. d M1 3.1a
f(x)ZX/ﬁX... sinyzex:,*'cosy%:ex
, 1 , e*
=——=Xe* = Al 1.1b
f0) === f9=2055
e* # 0 (or e* > 0) therefore, there are no stationary points
Alternatively, e* = 0 leading to x = [n 0 which is Al 2.4
impossible/undefined therefore there are no stationary points.
@)
(6 marks)
Notes:
(@)

M1: Finds x in terms of y and differentiates

M1: Uses the trig identity sin?y + cos? y = 1 to express cos yin terms of x. This may be seen in
their derivative or stated on the side

Al1*: Correctly achieves the printed answer % = =. CSO

1-x

(b)

M1: Differentiates using the chain rule to achieve the correct form, condone f'(x) = =

Note f'(x) = \/% is BO for incorrect form

Alternatively restart, finds x in terms of y and differentiates

Al: Correct differentiation

Al: Follows correct differentiation. States that as e* # 0 (or e* > 0) or no solutions toe* = 0
therefore there are no stationary points.

Alternatively, e* = 0 leading to x = In 0 which is impossible/undefined/error therefore there are no
stationary points. Ignore any reference to the denominator = 0






