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A mathematics student is modelling the profile of a glass bottle of water. Figure 1
shows a sketch of a central vertical cross-section ABCDEFGHA of the bottle with the
measurements taken by the student.

The horizontal cross-section between CF and DE is a circle of diameter 8 cm and the
horizontal cross-section between BG and AH is a circle of diameter 2 cm.

The student thinks that the curve GF could be modelled as a curve with equation
y=ax*+b 1<x<4
where a and b are constants and O is the fixed origin, as shown in Figure 2.

(a) Find the value of a and the value of b according to the model.

(b) Use the model to find the volume of water that the bottle can contain.

(c) State a limitation of the model.

The label on the bottle states that the bottle holds approximately 750 cm® of water.

(d) Use this information and your answer to part (b) to evaluate the model, explaining your
reasoning.
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Question Scheme Marks AOs
o) (4,14), (1,18) =14=a(4) +b,18=a(lf’ +b=a=...b=.. | M1 | 33
ac_2 po24 Al | 11b
15 15
(2)
(0) x4 x14 and 7x1? =10 BL | 11b
[ x*dy == [(274-15y)dy Bift | 1.la
4
7T 18
= ZIM (274-15y)dy M1 3.3
15y? ’ M1 1.1b
T :
22{2743’_ 5 } Al | 11b
14
15(18) 15(14)°
V =234r +%[274(18) —%—(274(14)—%}] ddM1 3.4
V = 2687 ~842cm’ Al 2.2b
()
(c) Any one of e.g.
The measurements may not be accurate
The equation of the curve may not be a suitable model
The bottom of the bottle may not be flat
The thickness of the glass may not have been considered
The glass may not be smooth B1 3.5
This part asks for a limitation of the model so their answer must '
refertoe.g. :
e The measuring of the dimensions
e The model used for the curve
e The simplified model (the thickness of glass, the simplified
shape, smoothness of the glass etc.)
1)
(d) There are 2 criteria for this mark:
e A comparison of their value to 750 e.g. larger, smaller, about
the same or a difference demonstrated e.g. 810 — 750 = ...
but not just a percentage error or just a difference with no
calculation
e A conclusion that is consistent with their values e.qg. this is
. B1ft 3.5a
not a good model, this is a good model etc.
If they reach an answer that is less than 750, they need to conclude
that it is not a good model
If they reach an answer that is greater than 750 then look for a
sensible comment that is consistent with their value
1)

(11 marks)




Notes

()

M1: Chooses (4, 14) and (1, 18) and substitutes into the equation modelling the curve to obtain at
least one correct equation and attempts to find the values of a and b.

Al: Infers from the data in the model, the values of a and b

(b)

B1: Correct expressions for the 2 cylindrical parts. May be seen as a sum or as separate cylinders.

B1ft: Uses the model to obtain EJ‘EM

- dy (Note that the m may be recovered later)
theira

M1: Chooses limits appropriate to the model i.e. 14 and 18
M1: Integrates to obtain an expression of the form ay + gy’

2
Al: Uses their model correctly to give 274y—152y

ddM1: Uses the model to find the sum of their cylinders + their integrated volume. Must be a fully
correct method here and is dependent on both previous method marks. So must have attempted the
volumes of the cylinders “AHBG” and “CFED” and adds these to the magnitude of their integrated
volume.

Al: 2681 or awrt 842

©)

B1: States an acceptable limitation of the model with no contradictory statements. (This is
independent of part (b))

(d)

B1ft: Compares the actual volume to their answer to part (b) and makes an assessment of the model
with a reason with no contradictory statements.
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9. f(x)=2x3+x 3 x>0
The finite region bounded by the curve y = f(x), the line x = %, the x-axis and the line
x = 8 is rotated through @ radians about the x-axis to form a solid of revolution.
Given that the volume of the solid formed is % units cubed, use algebraic integration to
find the angle 0 through which the region is rotated.
®
.
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Question Scheme Marks | AOs
A correct overall strategy, an attempt at integrating y? with respect to x
combine in some way with the volume of revolution formula (use of
9. 7Z'j y*dxor aj y*dx for any variable « is fine) followed by attempt to M1 3.1a
find an angle/form an equation in &
2 2 m 2 2 _4 .
Yy =kx®+...4+— or y“=kx®+...+mx ® where ... is one or two
X3 M1 1.1b
more terms.
V2= AXE +AX P+ X T or Y2 =AX 42X P+ X 42X (o€) Al 1.1b
.|.y2dX=J4X§+i1+i4dX=axg+,BX§+7X_% M1 1.1b
SRS
X o 3 Alft | 1.1b
=T TOX g (oe) AL | L1b
5 8
0| 12x® 23 461
— +6X° —— | =—
2| 5 X® |1
8
1\
s 12x| = 2
:Q [12X83+6 82—31j— (Bj +6 (1) 31 _461 0=
2[| 5 gt 5 8) (1Y) 2
(§j M1 3.1a
1
OR 7{12x?+6 _3} _ (12><83 o _3]_ 12{5} +6x[1j§— 3 ||
X3 i 5 8 (1)3
8
followed by i>< :ﬂ: 0=..
2r 2
o =%0 (radians) Al 1.1b
(8)

(8 marks)




Notes

M1

M1

Al
M1

Alft

Al
M1

Al

A correct overall strategy, either finding full volume rotated by 2x first, then
performing some kind of scaling, or using aJ. y?dx for a variable « (ideally g but

for the strategy accept with any variable multiple), to form an equation in just the
angle.

Attempting to square y to a three or four term expression. Look for correct powers on
first and last term with some term(s) in the middle.
Correct expansion in three or four terms — award when first seen.

Integrates y? w.r.t. x. Must have at least two terms in their y? with fractional indices.
Power to be increased by 1 in at least two terms.

Two terms of integral correct. Follow through on their expansion. Need not be
simplified.

Fully correct integral. Need not be simplified. May still be four terms

Either : Substitutes limits and subtracts correct way round (must be seen or implied

461 ., .
by the answer), and equates to % if using %GJ. y*dx and proceeds to find .
Or : Substitutes limits and subtracts correct way round (seen or implied) and

multiplies by = to get the full volume AND then multiplies the result by Zi before
V4
. 461
equating to — .
2
The method must be correct for this mark — so they must be using gj y*dx

directly or ”J- y’dx and scale by Zi when setting equal to 4—61
V4

4
Correct angle found. Accept ?0 , awrt 4.44 or awrt 255° (as long as the degrees

units are made clear — do not accept just 255) isw once a correct value of 4 is found.

Special case The question specified that algebraic integration must be used, so use of a calculator to
find the integral cannot score the marks for integration but may be allowed the strategy and answer
marks. A maximum of MIMOAOMOAOAOM1AL is available in such cases.

Expanding y? first but showing no integration can score the second M and first A (if earned) as well.

8

Note that I(Zx% +x 7% )2 dx

1/8

_ 4149 =103.725 but just this alone is worth no marks. There must

be an attempt to incorporate this within a strategy to gain access to marks.
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Figure 1
Figure 1 shows a circle with radius 7 and centre at the origin.
The region R, shown shaded in Figure 1, is bounded by the x-axis and the part of the
circle for which y > 0
The region R is rotated through 360° about the x-axis to create a sphere with volume V'
Use integration to show that V' = inﬁ
3 5
5)
.
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Question Scheme Marks AOs

3 X2 4 y2 —r2 Bl 1.2

{V}:wfjrz—xzdx or {V}:ij;rrz—xzdx B1 2.1

Integrates to the form ax =+ 3x°

M1 1.1b
note: the correct integration gives rzx—%x3

Substitutes limits of — r and r and subtracts the correct way round
2 _1 3 |p2/_ _1_ 3
(-3 )-[r ()57
or

Substitutes limits of 0 and r and subtracts the correct way round with | dM1 | 1.1b
twice the volume. Note the limit of O can be implied if gives and

answer of 0
" (-307]-0)
Vv :%wﬁ * €S0 Al* | 1.1b
®)
(5 marks)

Notes:

B1: Correct equation of the circle, may be implied by correct integral
B1: Correct expression for the volume, including limits, dx may be implied and if using limits r and
0 the 2 could appear later with reasoning

M1: Integrates to the form ax4 3x® . Do not award if r? — Ar®

dM1: Dependent on previous method mark. Correct use of limits —r and r or limits of 0 and r with
twice the volume.

Al*: V = gwr“ (%)

Note: rotation about the y-axis all marks are available, however for the final accuracy mark
must refer to symmetry
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Figure 2

Figure 2 shows the vertical cross-section, AOBCDE, through the centre of a wax candle.

In a model, the candle is formed by rotating the region bounded by the y-axis, the line OB,
the curve BC, and the curve CD through 360° about the y-axis.

The point B has coordinates (3, 0) and the point C has coordinates (5, 15).
The units are in centimetres.

The curve BC is represented by the equation

\225x% — 2025

= <
y P 3<x<S5

where a is a constant.

(a) Determine the value of a according to this model.

(2)
The curve CD is represented by the equation
y=16—-0.04x" 0<x<5
(b) Using algebraic integration, determine, according to the model, the exact volume of
wax that would be required to make the candle.
)
(c) State a limitation of the model.
(1)
When the candle was manufactured, 700 cm’ of wax were required.
(d) Use this information and your answer to part (b) to evaluate the model, explaining
your reasoning.
(1)

P 6 6 7 9 0 A0 2 8 3 2
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Question Scheme Marks AOs
9(a) 2
(5.15)=15= V225552025 _ ML | 33
a
(2)
(b) Evidence of the use of nf x* dy for the curve BC or the curve CD M1 3.1b
o ) 16 ,
For BC V, _Ej(my +2025)dy or n_“(ﬁy +9jdy Alft | 1.1b
For CD V, = 257 [ (16— y)dy or 7 [(400-25y)dy Al | 11b
ol ) 15( 16 )
Vl_E ) (16y° +2025)dy or ﬂjo (2_253’ +9de M1 3.3
V, =25z (16— y)dy or z[_(400-25y)dy M1 33
3 15 3 15
A6 ooasy | or 1| 28 ey Alft | 1.1b
225 3 . 675 .
2 16 2 16
v, =25{7Z}{16y—y—} or {;;}{400y—25y } Al 1.1b
2 15 2 15
V =V, +V, = (18000+30375) + 257 128 2> M1 | 34
225 2
% =?cm3 or 227.5rcm’ Al 2.2b
(9)
(c) E.g.
e The equation of the curve may not be a suitable model B1 3.5p
e The sides of the candle will not be perfectly curved/smooth '
e There will be a whole in the middle for the wick
1)
(d)
Makes an appropriate comment that is consistent with their value for
the volume and 700 cm?®, B1ft 3.5a
E.g. a good estimate as 700 cm?is only 15 cm?®less than 715 cm?®
1)
(13 marks)
Notes
(a)

M1: Substitutes (5, 15) into the equation modelling the curve in an attempt to find the value of a
Al: Infers from the data in the model, the value of a

(b)

M1: Uses either model to obtain x? in terms of y and applies ﬂj x2 dy

Alft: Correct expression for the volume generated by the curve BC (follow through their a value)
Al: Correct expression for the volume generated by the curve CD
MZ1: Chooses limits appropriate to their model for the curve BC




M1: Chooses limits appropriate to their model for the curve CD
Alft: Correct integration (follow through their a value)
Al: Correct integration
MZ1: Uses the model to find the sum of volumes
AL 4557
2
Note: Use of calculator for integration maximum score M1 Alft A1 M1 M1 AOft AO M1 Al

(©)

B1: States an acceptable limitation of the model

(d)

B1ft: Compares the actual volume to their answer to part (b) and makes an assessment of the model
with a reason.
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Figure 1 Figure 2

Figure 1 shows a sketch of a 16 cm tall vase which has a flat circular base with diameter
8 cm and a circular opening of diameter § cm at the top.

A student measures the circular cross-section halfway up the vase to be 8 cm in diameter.

The student models the shape of the vase by rotating a curve, shown in Figure 2,
through 360° about the x-axis.

(a) State the value of a that should be used when setting up the model.
ey

Two possible equations are suggested for the curve in the model.
45 Y
Model A y=a-— 2sin(?x)

x(x - 8)(x + 8)
100

Model B y=a-+
For each model,
(b) (1) find the distance from the base at which the widest part of the vase occurs,

(i) find the diameter of the vase at this widest point.

(7)
The widest part of the vase has diameter 12 cm and is just over 3 cm from the base.

(c) Using this information and making your reasoning clear, suggest which model is
more appropriate.

(1)

(d) Using algebraic integration, find the volume for the vase predicted by Model B.
You must make your method clear.

C))

The student pours water from a full one litre jug into the vase and finds that there is
100 ml left in the jug when the vase is full.

(e) Comment on the suitability of Model B in light of this information.

0y
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Question Scheme Marks AOs
8(a) a=4 Bl 33
@
(b) Model A: (1) Widest point will be 4 (cm) from the base Bl 34
(i) Width at widest point is 12 (cm) (2x('a'+2) ft) Blft | 3.4
X’ —64x dy 3x*-64
Model B: (i) y =4+ = Y _ M1 | 3.1b
100 100
dy =0=x —+/ +——+awrt462 Al | LIb
8 8[
So max width is a distance 8 —ﬁ =8—-——~3.38 (cm) from base. Al 34
—4.62...) —64(-4.62..
(i1) y| aeL ( ) - 64 ) dM1 3.4
100
=5.97... so diameter is approximately 11.9 (cm) [Za +3.94... ft] Alft | 3.2a
Y%
(©) Model A and model B both have diameters closed to 12
Model B distance from base is closer to 3 than Model A so is more Blft 3.5b
appropriate.
@
8 8
(d) 3_ 2
VB:ﬂ' yzdx:ﬂ' 4+m dx=... B1 1.1b
100
-3 -8
®)
400° + x° + 647 x” +2(400x" — 400 x 64x — 64x* ) dx
10000
(-8)
RGN ’ ) : .
=——7— | 160000+ x" +4096x" +800x" —51200x —128x" dx
10000
-8)
@® ]
:{7[} 164> +4096 24 8 x3—512x— 128 e M1 L1b
J 10000 10000 100 100 10000
(-8)
®) ]
={z} | 16+ al +ﬁ = 2 x3—g —i * dx
J 1000 625 25 25 625
(-8)
T Sx(x—8)(x+8 8)(x+8)Y’
iy 16, G (8)a8)Y
J 100 100
-8)
dM1 1.1b

{”} 5 ¥ A 2 ¥ ®)
= 160000x+—+4096—+800——51200——128—
10000 7 3 4 2 5 )




; ®)
={z}|16x+ Y 205 1w B 8
70000 1875 50 25 3125
=ﬂ(620583.00....——2258983.01...)zw Ml 3.4
10000 10000
=awrt905(cm3) Cso Al 1.1b
(©)
() Compares their volume to 900 or compares their volume + 100 to 1 Blft | 3.5a
litre or 1000 and comments appropriately. '
(0))
(15 marks)
Notes:
Units not required in this question
(@)
B1: For a = 4, ignore any reference to units.
(b)

B1: Correct distance from base for Model A is 4
B1ft: Correct width at widest point. Follow through their ‘a’, so 2x('a'+2).

M1: Attempts the derivative for Model B’s equation, reduce any power by 1

Al: Sets % =0 and finds correct x coordinate of the stationary point (accept +)

8
Al: For 8—$ or awrt 3.38 cso

dM1: Dependent on previous M mark. Uses their value of x to find the value of y. If no working
shown the value of y must come from their x value.

Note using x =4.62 give y = 2.029...
Al: Correct diameter, awrt 11.9 follow through their ‘a’, so [2a +3.94... ft]

Note: Correct answers with no working send to review

Trial and error approach

Candidates could score B1 B1 for model A however if working in integers it is unlikely that they
will find the correct value for x (they are using x =— 5) not a valid method MOAOAOdMOAO

©

B1ft: They must have answers for all parts in (b). Accept any well-reasoned comment that
follows their answers to (b) If the answers are correct, they must conclude that model B is more
appropriate.

e [fanswers for one model are correct ish but other incorrect, or one value is clearly closer
For example

Distance (3) Diameter (12) | Distance (3) | Diameter (12)
A 9.4 9.05 4 6
B 3.38 12.06 4.62 4.06
Conclusion | Selects B as distance/diameter closet Select A as diameter closest

e If distances and diameters are similar selects the model which has the most appropriate value
for distance or diameter
For example

Distance (3)

| Diameter (12) |

Distance (3)

‘ Diameter (12) |




A 0.76 6.8 4 20
B 1.28 10.5 3.38 19.94
Conclusion selects B as the diameter is closet Selects B as distance is closet

e [Ifall values of the distances and diameters are varied any sensible reason stated for selecting
a model.

(d)

8
B1: Applies HJ. y* dx to the model. Must have 7 and correct limits, with y substituted in.

-8

Alternatively attempts to square y first and then substitute in.

M1: Attempts to expand y? this can be a poor attempt but must include at least a constant and x°
terms as long a clear attempt at y? (Limits not required for this mark.)

dM1: Attempts the integration, must first be rearranged to an integrable form then look for power
increasing by at least 1 in at least two terms. (Limits not required for this mark.)

M1: Applies correct limits to their integral following an attempt at )* with at least a constant and x°
terms.
If there is no working shown, allow this method mark if the correct answer appears from a
calculator as it implies correct limits have been applied the correct way round. (So MOdMOM 1
is possible.)

Al: awrt 905 cso note it must come from a fully correct solution

Note: For answers that appear from calculator BIMOdMOMT1AUO is possible, the question specifies
algebraic integration to be used so the integration needs to be seen to score the other marks.

()

B1ft: Compares their volume to 900 or compares their volume + 100 to 1 litre or 1000 and
comments appropriately. Correct answer in (d) needs to conclude that it is suitable.






